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While loop quantum cosmology (LQC) predicts a robust quantum bounce of the background evo-
lution of a Friedmann-Robertson-Walker (FRW) spacetime prior to the standard slow-roll inflation,
whereby the big bang singularity is resolved, there are several different quantization procedures to
cosmological perturbations, for instance, the deformed algebra, dressed metric, and hybrid quanti-
zations. This paper devotes to study the quantum bounce effects of primordial perturbations in
the hybrid approach. The main discrepancy of this approach is the effective positive mass at the
quantum bounce for the evolution of the background that is dominated by the kinetic energy of the
inflaton field at the bounce, while this mass is always nonpositive in the dressed metric approach.
It is this positivity of the effective mass that violates the adiabatic evolution of primordial pertur-
bations at the initial moments of the quantum bounce. With the assumption that the evolution of
the background is dominated by the kinetic energy of the inflaton at the bounce, we find that the
effective potentials for both scalar and tensor perturbations can be well approximately described
by a Po¨schl-Teller (PT) potential, which allows us to find analytical solutions of perturbations,
and from these analytical expressions we are able to study the non-adiabatic evolution of primor-
dial perturbations in details. In particular, we derive their quantum bounce effects and investigate
their observational constraints. In addition, the impacts of quantum bounce effects on the non-
Gaussinity and their implication on the explanations of observed power asymmetry in CMB have
also been explored.
I. INTRODUCTION
Quantization of gravity is one of the most outstand-
ing problems in modern physics [1]. While various ap-
proaches to quantum gravity have been pursued, includ-
ing string/M-Theory [2], loop quantum gravity [3], and
more recently the Horava-Lifshitz (HL) theory [4] (for a
recent review of the HL theory, see, for example, [5]), it is
fair to say that our understanding of them is still highly
limited, and no observational evidences show which one
is correct. One of the main reasons is that the effects
of quantum gravity in general appear only at the Planck
scale and the corresponding quantum gravitational cor-
rections are too small to be detectable by man-made ter-
restrial experiments in the near future.
On the other hand, the inflationary theory has become
an important ingredient of modern cosmology, elegantly
solving several problems of the standard big bang cosmol-
ogy [6–10], and predicting the primordial power spectrum
whose evolution determines the temperature fluctuations
in the cosmic microwave background and serves as pri-
mordial seeds responding the formation of the large scale
structure of our universe [11–14]. Considering the re-
alization that the energy scale when inflation starts is
not too far from the Planck energy, the continuing ad-
vance in high precision cosmological observations may
provide opportunities to observe or test new fundamen-
tal physics near the Planck scale with cosmological data.
Such considerations have attracted a great deal of atten-
tion in terms of understanding the quantum gravitational
effects of the early Universe on the inflation and cosmo-
logical perturbations in the framework of quantum grav-
ity, including string/M-Theory, Horava-Lifshitz theory,
loop quantum gravity/cosmology, etc. For examples, see
[15–22] and references therein.
One of the promising candidates for quantum grav-
ity is loop quantum gravity (LQG) [3]. On the basis
of this formalism, loop quantum cosmology (LQC) was
proposed, which offers a natural framework to extend the
standard slow-roll inflationary cosmology to the Planck
era [23–27]. Due to the quantum gravitational effects
deep inside the Planck scale, the big bang singularity
arising in the inflationary scenario is replaced by a quan-
tum bounce [28–34] (see also [35–38] for the resolution in
loop quantum cosmology for modified gravity and quan-
tum reduced loop gravity). This remarkable feature has
motivated a lot of interest to consider the underlying
quantum geometry effects in the background evolution
of the standard inflationary scenario [39–47, 49–54].
An important question now is whether the quantum
bounce and its subsequent pre-inflationary dynamics can
leave any observational signatures for the current and/or
forthcoming experiments, so LQC effects can be placed
directly under experimental tests. An essential step to
address this issue is to implement the cosmological per-
turbations in the framework of LQC and calculate the
corresponding inflationary observables by evolving both
the scalar and tensor cosmological perturbations starting
from the quantum bounce until the end of the slow-roll
inflation. However, due to different quantization schemes
in LQC, there are several distinct approaches to the
cosmological perturbations, including deformed algebra
[55–61], group field theory [62], dressed metric [63, 64],
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2and hybrid quantization approaches [65–72]. The evolu-
tions of primordial perturbations during pre-inflationary
phase with different quantization approaches in LQC and
their footprints on primordial power spectra and non-
Gaussianities have been extensively studied recently [45–
47, 49–53, 61, 73–81]. The main characteristic of the
associated effects is the evolution of perturbations dur-
ing the preinflationary phase produces particles, and as
a consequence the perturbations are no longer in the adi-
abatic BD state at the onset of the slow-roll inflation,
but instead excited states. These excited states in turn
produce scale-dependent features in the primordial per-
turbation spectrum at observable scales, and thus can
be constrained by current and forthcoming observational
data.
According to quantum field theory in the curved space-
time and the theory of WKB approximation, particle
production can arise from non-adiabatic evolution of the
associated field modes (see [22, 82, 83] and references
therein), which originals from the violation of the adia-
batic condition of the WKB approximations. Indeed, this
is exactly the case occurring for both the cosmological
scalar and tensor perturbations modes during the quan-
tum bounce. In the deformed algebra approach, such
non-adiabatic evolution and the corresponding particle
productions are mainly generated when the perturbation
modes evolve from the Euclidean phase to the Lorentzian
phase of the quantum bounce. It is important to note
that such process occurs for most modes and thus leads to
significant enhancements on both scalar and tensor spec-
tra [61, 79, 80]. With some reasonable assumptions and
choices of initial conditions, it has been already shown
that the resulting perturbation spectra are in conflict
with current observations [81]. For the dressed metric
and hybrid quantization approaches, the non-adiabatic
evolutions are generated by an effective time-dependent
mass associated with the perturbations. The main dis-
crepancy of the hybrid approach, as shown in [77], is that
the effective mass is positive at the quantum bounce for
the evolution of the background that is dominated by the
kinetic energy of the inflaton field at the bounce, while
this mass is always nonpositive in the dressed metric ap-
proach. It has been shown in the dressed metric approach
that, the nonpositive mass can lead to prominent effects
on primordial perturbation spectra at large scales well
within current observational constraints [49, 50]. In ad-
dition, these effects can also lead to an enhancement on
non-Gaussianity at superhorizon scales and then provide
an explanation of power asymmetry in the observational
data of CMB [51].
Therefore, it is natural to ask if the effective time-
dependent positive mass associated with perturbation
modes in the hybrid approach could lead to significant
footprints on primordial perturbation spectra and ob-
servational implications in explaining observational data.
Earlier works on this subject have been explored by using
numerical calculations [73]. The purpose of this paper is
to provide a detailed and analytical study of quantum
gravitational effects on primordial perturbation spectra
in the hybrid quantization approach and their corre-
sponding observational implications. More specifically,
we follow the same strategies adopted in [49–51], and
show that the effective positive mass during bouncing
phase can be approximated by a positive Po¨schl-Teller
(PT) potential. We would like to mention that this repre-
sents a distinct effect in comparison with the negative one
in the dressed metric approach. From the positive PT po-
tential, similar to that in [49, 50], we find analytically the
solutions of the perturbation modes and then calculate
the corresponding quantum effects on the primordial per-
turbation spectra. By using the recent released Planck
2015 data, we then obtain the observational constraint
on these effects. In addition, the impacts of quantum
bounce effects on the non-Gaussinity and their implica-
tion on the explanations of observed power asymmetry
in CMB have also been explored.
We organize the rest of the paper as follows. In Sec.
II, we provide a brief introduction to the evolutions of
background and cosmological perturbations in the hy-
brid quantization approach during the bouncing phase.
In Sec. III, by following the same strategies used in the
dressed metric approach in [49, 50], we obtain the ana-
lytical solution of perturbation mode functions and cal-
culate explicitly the analytical expression of the corre-
sponding power spectra. Then in Sec. IV, we use the
CosmoMC code to study the observational constraints
by using Planck 2015 data and the impacts of quantum
bounce effects on the non-Gaussinity and their implica-
tion on the explanations of observed power asymmetry
in CMB are presented in Sec. V. Our main conclusions
and discussions are presented in Sec. VI.
II. EVOLUTION EQUATIONS OF BOTH
BACKGROUND AND PERTURBATIONS
DURING PREINFLATIONARY PHASE
A robust prediction of LQC is the occurrence of a non-
singular bouncing phase, which removed the initial singu-
larity in the early stage of the classical Universe. In this
section, we present a brief introduction to the evolution
of the background and equations of motion of cosmologi-
cal perturbations in the hybrid quantization approach in
the preinflationary phase in LQC.
A. Evolution of background in the pre-inflationary
phase
We consider the evolution of the background for a
flat Friedmann-Robertson-Walker universe with a single
scalar field φ. In the framework of LQC, considering the
pre-inflationary period, the effective dynamics of a flat
FLRW background are described by the modified Fried-
3mann equation,
H2 =
8pi
3m2Pl
ρ
(
1− ρ
ρc
)
, (2.1)
and the Klein-Gordon equation of the inflaton field,
φ¨+ 3Hφ˙+ V,φ = 0, (2.2)
where H = a˙/a is the Hubble parameter with a(t) being
the scale factor of the FRW universe and the dot repre-
sents the derivative with respect to the cosmic time t, G
is the gravitational constant related to the Planck mass
mPl and the reduced Planck mass MPl as 8piG = M
−2
Pl =
8pim−2Pl , ρc is the critical energy density which represents
the maximum value of the energy density in LQC and is
about ρc ' 0.41m4Pl as suggested in black hole entropy
calculations, and V,φ = dV/dφ with V (φ) being the po-
tential of the scalar field φ. The energy density ρ and
pressure p of the scalar field are given by
ρ =
1
2
φ˙2 + V (φ), (2.3)
p =
1
2
φ˙2 − V (φ), (2.4)
with which we can define the equation of state of the
scalar field as
wφ ≡ p
ρ
=
φ˙2 − 2V
φ˙2 + 2V
. (2.5)
Besides the modified Friedmann and Klein-Gordon equa-
tions, it is also convenient to write the acceleration equa-
tion in the form,
a′′
a
=
4pi
3m2Pl
a2ρ
(
1 + 2
ρ
ρc
)
− 4pi
m2Pl
(
1− 2 ρ
ρc
)
, (2.6)
where a prime denotes the derivative with respect to con-
formal time η defined as dη = dt/a. It is easy to see that
when ρ approaches the classical limit (i.e. ρ  ρc), the
above equation reduces to the standard form
a′′
a
' 4pi
3m2Pl
a2(ρ− 3p). (2.7)
One of the remarkable consequences of Equation (2.1)
is that it shows there is a quantum bounce occurring
at ρ = ρc, where the energy density reaches its maxi-
mum value and the Hubble parameter becomes zero. The
background evolution with a bouncing phase has been
extensively studied, and one of the main results is that,
right following the quantum bounce, a desired slow-roll
inflation phase is almost inevitable [25–28, 49]. At the
quantum bounce, since the energy density ρ reaches ρc,
we have
1
2
φ˙2B + V (φB) = ρc, (2.8)
which imposes a strong constraint on initial conditions
(φB, φ˙B) at the bounce. Among the whole (φB, φ˙B)
space which satisfies the above constraints, we focus on
those in which the kinetic energy dominates at the begin-
ning (the bounce). The reason for this choice is two fold.
First, for kinetic energy dominated initial conditions, the
background evolution during the bouncing phase is uni-
versal and can be solved analytically [49, 50]. Second,
a potential dominated bounce either is not able to pro-
duce the desired slow-roll inflation because it lacks the
initial kinetic energy (see examples in refs. [46, 49] illus-
trated numerically with Starobinsky potential), or leads
to a large number of e-folds of the slow- roll inflation
[45, 46, 48, 49]. In the later case, a large number of e-folds
will wash out all the observational information about
the pre-inflationary dynamics and the resulting pertur-
bations are the same as those given in GR [45, 46, 49].
For kinetic energy dominated initial states, the poten-
tial term in both Friedmann and Klein-Gordon equations
can be simply ignored, and then we find [50]
a(t) = aB
(
1 + γB
t2
t2Pl
)1/6
, (2.9)
φ(t) = φB ± mPl
2
√
3pi
arcsinh
(√
γB
t
tPl
)
, (2.10)
φ˙(t) = ±
√
2ρc
1 + γBt2/t2Pl
, (2.11)
where
γB ≡ 24piρc
m4Pl
, (2.12)
is a dimensionless constant, and tPl = 1/mPl is the
Planck time. We note that the above analytical solu-
tion is only valid when the kinetic energy dominates. In
general, the evolution of the Universe can be divided uni-
versally into three stages prior to the reheating [49, 50]:
the bouncing, transition and slow-roll inflation, as shown
schematically in Fig. 1 for the evolution of the equation
of state wφ. With the analytical solution of a(t) given
above, we can obtain the relation between the conformal
time η and the cosmic time t during the bouncing phase,
which is
η(t)− ηB = t 2F1
(
1
6
,
1
2
,
3
2
;−γB t
2
t2Pl
)
, (2.13)
where 2F1
(
1
6 ,
1
2 ,
3
2 ;−γB t
2
t2Pl
)
is the hypergeometric func-
tion and ηB denotes the conformal time at the quantum
bounce.
B. Equations of motion for cosmological
perturbations
There are several different approaches to implement
the cosmological perturbations in the formalism of LQC,
including deformed algebra, dressed metric, and hybrid
quantization approaches. In this subsection, we present a
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FIG. 1. Three different stages of the evolution of the Uni-
verse from the quantum bounce (ρ = ρc) until the end of
the slow-roll inflation: the bouncing, transition, and slow-roll
inflation phases.
brief summary about the effective equation of motion of
both scalar and tensor cosmological perturbations in the
hybrid approach and skip all the technical derivations of
these equations. For details about the hybrid quantiza-
tion of cosmological perturbations, we refer the reader to
Refs. [66, 68, 69, 72, 77] and references therein.
In the hybrid quantization approach to cosmologi-
cal perturbations, the effective equation of motion for
the cosmological scalar and tensor perturbations are de-
scribed, respectively, by [72, 77]
d2µ
(s)
k (η)
dη2
+
[
k2 − 4pi
3m2Pl
a2(ρ− 3p) + U(η)
]
µ
(s)
k (η) = 0,
(2.14)
and
d2µ
(t)
k (η)
dη2
+
[
k2 − 4pi
3m2Pl
a2(ρ− 3p)
]
µ
(t)
k (η) = 0,
(2.15)
where
U(η) = a2
[
V,φφ + 48piGV + 6
a′φ′
a3ρ
V,φ − 48piG
ρ
V 2
]
,
(2.16)
µ
(s,t)
k denotes the Mukhanov-Sasaki variable with
µ
(s)
k (η) = zsRk and µ(t)k (η) = ahk/2 where Rk denotes
the comoving curvature perturbations, hk the tensor per-
turbations, and zs = aφ˙/H.
Since we only focus on the background evolution with
kinetic energy dominated initial conditions, during the
bouncing phase, U(η) in (2.14) is negligible [49, 50]. As a
result, the equations of motion for the cosmological scalar
and tensor perturbations approximately take the same
form during the bouncing phase. During the transition
phase, the energy density ρ drops down to about 10−12ρc,
and then we can ignore all the LQC corrections in the
equations of motion. Hence, from Eq. (2.7) we find,
4pi
3m2Pl
a2(ρ− 3p)− U(η)→ a
′′
a
− U(η) ' z
′′
s
zs
, (2.17)
and
4pi
3m2Pl
a2(ρ− 3p)→ a
′′
a
, (2.18)
so thereafter both the scalar and tensor perturbations en-
ter into the classical regime and their perturbation equa-
tions reduce precisely to those obtained in GR.
C. Time-dependent and positive effective mass
As shown in [77], one of the main characteristics of cos-
mological perturbations in the hybrid quantization ap-
proach is that the time-dependent effective mass of per-
turbation modes is positive near by the quantum bounce.
To see this clearly, let us define the effective mass func-
tion for both scalar and tensor perturbations as
m2eff(η) = −
4pi
3m2Pl
a2(ρ− 3p), (2.19)
where for scalar perturbations we ignore the contribu-
tions from the term U(η) since we only focus on kinetic
energy dominated initial conditions, for which U(η) is
very small during the whole bouncing phase [49, 50].
Therefore, the effective mass function m2eff takes the same
form for both scalar and tensor perturbations during the
bouncing phase.
Using the analytical solutions for a(t) and φ(t) ob-
tained in the above subsection, the effective mass func-
tion can be casted into the form
m2eff(η) =
a2BγBm
2
Pl
9
(
1 + γB
t2
t2Pl
)−2/3
, (2.20)
which shows explicitly that the effective mass for both
scalar and tensor perturbations are always positive dur-
ing the whole bouncing phase. This property represents
a distinguishing characteristic of the hybrid quantiza-
tion approach, in comparison with other quantization
approaches to the cosmological perturbations in LQC.
For example, in the dressed metric approach, as shown
in [49, 50], the effective mass function can be expressed
as
m2eff(η) = −
a′′
a
= −a2B
γBm
2
Pl(1− γBt2/t2Pl)
9(1 + γBt2/t2Pl)
5/3
. (2.21)
Obviously, this effective mass exhibits different behav-
ior around the quantum bounce where it becomes neg-
ative for −1/√γB < t < 1/√γB. Fig. 2 displays the
time-dependent mass m2eff in both hybrid quantization
and dressed metric approaches, which shows clearly the
difference of the mass functions in both approaches. It
has been explained in [77] that the discrepancy in hybrid
quantization and dressed metric approaches appears only
in the time-dependent effective mass term of the corre-
sponding field equations during the bouncing phase, and
the origin of this difference arises from the distinct quan-
tization procedures.
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FIG. 2. Comparison of the effective time-dependent mass function m2eff(η) of field equations of cosmological perturbation modes
in the hybrid quantization and dressed metric approaches during bouncing phase. The left panel presents the effective mass
function in the hybrid quantization approach while the right panel presents that in the dressed metric approach.
D. Violations of adiabaticity of cosmological
perturbations during bouncing phase
To study the evolution of perturbation modes with the
effective time-dependent mass, a convenient way is to use
the WKB analysis. In general, the solution of the mode
function µ
(s,t)
k (η) of the equation,
d2µ
(s,t)
k (η)
dη2
+ Ω2(η)µ
(s,t)
k (η) = 0, (2.22)
can be approximately given in terms of the WKB solu-
tions
µ
(s,t)
k (η) '
αk√
2Ω(η)
e−i
∫
Ω(η)dη +
βk√
2Ω(η)
ei
∫
Ω(η)dη,
(2.23)
if the WKB condition, or JWKB criterion∣∣∣∣3Ω′24Ω4 − Ω′′2Ω3
∣∣∣∣ 1, (2.24)
is satisfied. Here the function Ω2(η) ≡ k2 +m2eff(η), and
αk and βk are two Bogoliubov coefficients, which can
be determined by choosing an initial state of the modes.
Generally an adiabatic state is a good choice, and if the
WKB condition is satisfied during the whole process, we
have
αk = 1, βk = 0. (2.25)
However, in some cases, the WKB condition may be vi-
olated or not be fulfilled completely. Then, the non-
adiabatic evolution of the mode µ
(s,t)
k (η) will produce ex-
cited states (i.e. particle production) during this process
and eventually lead to a state with
αk 6= 1, βk 6= 0. (2.26)
According to (2.24), there are several facts that can
lead to the violation of the WKB condition. One case
is that Ω2(η) contains zeros (represented as real turning
points of Eq. (2.23)) or extremely closes to zero (complex
conjugated turning points of Eq. (2.23)) in the intervals
of interest. It is simple to check that when Ω2(η) equals
zero, the WKB condition in (2.24) becomes divergent.
Another possible case that could violate the WKB con-
dition is around the extreme point of the function Ω2(η).
Since Ω′(η) = 0 at the extreme point, it is easy to see
that the WKB condition can be violated if∣∣∣∣ Ω′′m2Ωm
∣∣∣∣ > 1, (2.27)
where Ω′′m and Ωm represent the value of Ω
′′(η) and Ω(η)
at the extreme point.
Now the question is whether the effective time-
dependent and positive mass given in (2.20) in the hy-
brid quantization approach could lead to the violation
of the WKB approximation. Because of the positiv-
ity of this effective time-dependent mass, the function
Ω2(η) = k2 + m2eff(η) is always positive and Ω
2(η) does
not contains zeros during the whole bouncing phase. Now
we can check if the extreme point of Ω2(η) could lead to
violation of the WKB condition. We observe that the
extreme point of Ω2(η) locates exactly at the quantum
bounce, i.e., t = 0 (η = ηB), and we have∣∣∣∣ Ω′′(ηB)2Ω3(ηB)
∣∣∣∣ = 3(1 + k2k2H
)−2
, (2.28)
where
kH ≡
√
γBaBmPl
3
, (2.29)
which defines a characteristic energy scale of hybrid
quantization approach in LQC. Note that we use kH
to distinguish the energy scale kB of dressed metric ap-
proach in LQC [50]. From Eq. (2.28), it is obvious that
the WKB condition is well satisfied if k  kH, and it is vi-
olated when k . kH. This property is in agreement with
the behaviors of the WKB condition presented in the
left panel of Fig. 3 for different values of wavenumber k.
6Therefore, for perturbation modes with large wavenum-
ber k the adiabatic evolution always hold during the
whole bouncing phase, while the adiabaticity is violated
at quantum bounce for modes with small wavenumber.
One may also be interested in the difference between
the hybrid quantization and dressed metric approach in
the above WKB analysis. In the dressed metric approach,
as shown in (2.21), the effective time-dependent mass is
negative at the quantum bounce. With this fact, the
violations of the WKB condition in the dressed metric
approach may come from two parts for certain modes.
First, the function Ω2(η) could contain zeros or complex
conjugated zeros when k is small, and in this case, the
WKB condition becomes divergent or large enough. Sec-
ond, similar to that in hybrid quantization approach, at
the quantum bounce,∣∣∣∣ Ω′′(ηB)2Ω3(ηB)
∣∣∣∣ = 212
(
3 +
k2
k2B
)−2
, (2.30)
where kB ≡ aBmPl
√
γB/3 denotes a characteristic energy
scale of dressed metric approach in LQC. Obviously, the
WKB condition is violated for modes with k . kB while
it is fulfilled for modes with k  kB. In the right panel
of Fig. 3, we display the WKB condition in the dressed
metric approach for several different values of k. Whereas
the WKB condition can only be violated at quantum
bounce for some k in the hybrid quantization approach,
Fig. 3 shows clearly that it now may be violated around
the zeros and the extreme point (i.e. at the quantum
bounce) of Ω2(η).
III. NON-ADIABATIC EFFECTS ON
PRIMORDIAL PERTURBATIONS SPECTRA
AND ITS OBSERVATIONAL CONSTRAINTS
A. Analytical solution with PT potential
According to the analysis presented in the above sec-
tion, the adiabaticity of perturbation modes with k  kH
is always fulfilled during the whole bouncing phase. For
these modes, if one chooses an adiabatic initial state,
they remain at the adiabatic state until they exit the
Hubble horizon during the slow-roll inflation. Therefore,
the quantum bounce effects of the hybrid quantization
approach are suppressed and the corresponding pertur-
bation spectra for both scalar and tensor modes take pre-
cisely the standard power-law form as that given in gen-
eral relativity. The more interesting modes are those that
violate the WKB condition and thus experience a non-
adiabatic evolution during the bouncing phase, which
in turn produces excited states as we mentioned in the
above section. Now an essential step is to estimate the
non-adiabatic effects on perturbation spectra by solving
the equations of motion during the bouncing phase.
For this purpose, we follow the same strategy used in
[49, 50] for perturbation modes in the dressed metric ap-
proach, in which the effective time-dependent mass is
approximated by an effective PT potential with a neg-
ative sign. For perturbation modes we are interested in
in the hybrid quantization approach, since the effective
time-dependent mass is always positive, we can use a PT
potential with positive sign to describe it. This PT po-
tential takes the form
m2PT(η) =
V0
cosh2α(η − ηB)
, (3.1)
where V0 = a
2
Bm
2
PlγB/9 and α
2 = 2a2Bm
2
PlγB/3. We note
that in the dressed metric approach, the effective mass is
described by a PT potential m2PT(η) = −V0cosh−2[α(η−
ηB)] with V0 = a
2
Bm
2
PlγB/3 and α
2 = 2a2Bm
2
PlγB . We
plot the PT potential and effective mass term in Fig. 4
where we can see that they match each other well around
the quantum bounce at t = 0.
With the PT potential, we find the analytical solution
of Eq. (2.14), which has the general form,
µ
(PT)
k (η) = akx
ik/(2
√
6kH)(1− x)−ik/(2
√
6kH)
× 2F1(a1 − a3 + 1, a2 − a3 + 1, 2− a3, x)
+bk[x(1− x)]−ik/(2
√
6kH)
2F1(a1, a2, a3, x),
(3.2)
Where
x(η) =
1
1 + e−2α(η−ηB)
, (3.3)
and
a1 ≡ 1
2
(
1 +
√
15
6
)
− ik
α
,
a2 ≡ 1
2
(
1−
√
15
6
)
− ik
α
,
a3 ≡ 1− ik
α
. (3.4)
In the above solution, ak and bk are two independent in-
tegration constants which should be uniquely determined
by the initial conditions.
B. Primordial perturbation spectrum with
quantum gravitational effects
We need to fix the initial state in order to determine
the integration constants ak and bk. One of the choices to
impose the initial conditions is at the quantum bounce.
However, this is a subtle issue since adiabaticity of some
modes is violated and it seems impossible to impose an
adiabatic state at this point [49, 84–86]. Another choice
that has been frequently used is the remote past [87]. For
this choice, one needs to analytically extend the bouncing
phase to the contracting phase right before the quantum
bounce. In the contracting phase, as shown in Fig. 3,
the adiabatic conditions of the perturbation modes are
fulfilled and therefore we can choose an adiabatic state
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FIG. 3. JWKB criterion is violated near the time of bounce at t = 0. The left panel shows the result for the hybrid approach
and the right panel shows the result for the dressed metric approach. Note that we used unit mPl = 1 and set aB = 1 in these
figures.
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FIG. 4. Comparison between time-dependent mass m2eff(η) in
the hybrid quantization and the PT potential m2PT(η).
as the initial state of perturbation modes, which takes
the form
µinitialk (η) ∼
1√
2k
e−ikη, (3.5)
with which we can uniquely determine the coefficients
ak and bk in Eqs.(3.2). Here we would like to mention
that in both the above adiabatic vacuum state and the
analytical solution with PT potential, we have assumed
that the effective mass term is negligible for both scalar
and tensor modes at the initial time where one specifics
adiabatic state. With this assumption we have to re-
quire that the wavenumber k2  |a′′/a| at that time.
For the modes with very small wavenumber k2 . |a′′/a|
initially, the initial state has to be chosen with cautions.
Another strategy for imposing initial state in the con-
tracting phase is studied in Ref. [88], in which the initial
states are imposed at the time when the effective time-
dependent mass term vanishes. For large wavenumber
modes their choice recovers the usual adiabatic states in
the contracting phase and for small wavenumber modes
the final perturbation spectrum may be different for ini-
tial states imposed at different zeros of the effective time-
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FIG. 5. Comparison between the analytical solution and nu-
merical one with aB = 1, mPl = 1 and k = 6.
dependent mass.
Using the asymptotic expressions of the hypergeomet-
ric functions when η − ηB  0, i.e.,
x ∼ e2α(η−ηB) → 0,
xik/(2α)(1− x)−ik/(2α) ∼ eα(η−ηB), (3.6)
and the fact 2F1(c1, c2, c2, 0) = 1, we find
ak = 0, bk =
eikηB√
2k
. (3.7)
Then, the evolutions of both scalar and tensor pertur-
bations are completely determined. In Fig. 5, we display
the analytical solution comparing with the numerical one
with the values of aB = 1,mPl = 1 and k = 6, which
shows that they match very well during the bouncing
phase.
After the bouncing phase and before the slow-roll in-
flationary phase, the perturbations evolve into the tran-
sition phase with k2  m2eff(η), during which the pertur-
bation modes have the general solution,
µαk (η) =
1√
2k
(α˜ke
−ikη + β˜keikη). (3.8)
8We emphasize here that this solution is also valid during
the slow-roll inflation until the modes exit the Hubble
horizon, thus it can be matched to the standard analyti-
cal solution during the slow-roll inflation,
µ
(sr)
k (η) '
√−piη
2
[αkH
(1)
ν (−kη) + βkH(2)ν (−kη)],
(3.9)
where ν is assumed to be a constant during the slow-roll
inflation and H
(1,2)
ν represent the Hankel functions of the
first and second kind respectively.
Then, we can match the solutions given by Eqs.(3.8),
(3.9) and (3.2) at the transition phase for η − ηB  0,
i.e.,
x ∼ 1− e−2α(η−ηB) → 1, (3.10)
and find
αk =
Γ(a3)Γ(a1 + a2 − a3)
Γ(a1)Γ(a2)
e2ikηB ,
βk =
Γ(a3)Γ(a3 − a1 − a2)
Γ(a3 − a1)Γ(a3 − a2) . (3.11)
In GR, one in general imposes the adiabatic vacuum state
when the modes are inside the Hubble horizon, i.e., αk =
1, βk = 0. However, we show clearly that if there is a
bouncing phase prior to the slow-roll inflation, βk now
does not vanish generically. This leads to modifications
at the onset of the slow-roll inflation on the standard
nearly scale invariant power spectrum 1 ,
PR(k) = |αk + βk|2 H
2
8pi2m2Pl1
, (3.12)
where
|αk+βk|2 = 1 +
[
1 + cos
(√
5
3
pi
)]
csch2
(
pik
α
)
+
√
2
√√√√cosh(2pik
α
)
+ cos
(√
5
3
pi
)∣∣∣∣∣cos
(
1
2
√
5
3
pi
)∣∣∣∣∣
×csch2
(
pik
α
)
cos (2kηB + ϕk) , (3.13)
1For the standard nearly scale invariant power spectrum PGRR =
H2
8pi2m2
Pl
1
, we have assumed that all the relevant modes at observ-
able scales exit the Hubble horizon at the time when the slow-roll
approximation is fulfilled. But this assumption can be violated
at large scales if the number of e-folds between the bounce and
the slow-roll inflation is not large enough, for which the relevant
modes at large scales could exit the Hubble horizon even when the
slow-roll approximation is not yet completely satisfied. We would
like to note that even for these modes the expression (3.12) is still
valid but suppressed by a large value of 1 in comparing to those
at smaller scales.
with
ϕk ≡ arctan
{
Im[Γ(a1)Γ(a2)Γ
2(a3 − a1 − a2)]
Re[Γ(a1)Γ(a2)Γ2(a3 − a1 − a2)]
}
.
(3.14)
In Fig. 6 we display the ratio between the power spectrum
with the bouncing effects and the standard one given
in GR, as a function of wavenumber k. We would like
to mention that, the behavior of the power spectrum in
Fig. 6 is in agreement with that given in [73]. While
the results obtained in [73] are purely numerical, here
ours are derived directly from the analytical expression
of Eq. (3.12).
Another important property of the bouncing effects is
that they result in scale-dependent oscillations in the per-
turbation spectrum. The amplitudes of these oscillations
essentially depend on the parameter kH, thus represent a
characteristic feature of LQC. In Eq. (3.13), the last two
terms, proportional to csch2(pik/(
√
6kH)), increase expo-
nentially as k decreases. This implies that the quan-
tum gravitational effects on the perturbation spectrum
get enhanced for k . kH, and suppressed for k  kH.
In the latter case, the perturbation spectrum reduces to
the standard power-law spectrum in GR. Therefore, the
quantum gravitational effects are important at the scales
k . kH. This is in agreement with the qualitatively anal-
ysis in the above section, where the modes with k . kH
violate the WKB condition at the quantum bounce, and
thus lead to significant changes in the primordial pertur-
bation spectrum.
In addition, it is also worthwhile to note that the prop-
erties of quantum effects in the primordial perturbation
spectra in both hybrid and dressed metric approaches
are qualitatively the same. Quantitatively, the effects in
both approaches are different in two aspects. First, these
two approaches have two different characteristic energy
scales, i.e, kH in the hybrid quantization approach and
kB in the dressed metric approach. Second, as we can
seen from Eq. (3.13), the numerical factors in front of
csch2(pik/(
√
6kH)) are in general different from those ob-
tained in [49, 50] in the dressed metric approach.
C. Observational constraints
In this subsection, we perform the CMB likelihood
analysis by using the Planck 2015 data, with the MCMC
code developed in [89]. For this purpose we parametrize
the primordial perturbations spectra as
PR,h(k) = |αk+βk|2PGRR,h(k), (3.15)
where
PGRR (k) = As
(
k
k∗
)ns−1+···
PGRh (k) = At
(
k
k∗
)nt+···
. (3.16)
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FIG. 6. The primordial power spectrum obtained with ana-
lytic solutions for the perturbations. The oscillating points
show the power spectrum computed for each mode and the
red line shows the binned average of these points. We set
ηB = 2000 in this figure.
Here As(At) is the scalar (tensor) amplitude, ns(nt) the
scalar (tensor) spectral index, and k∗ = 0.05Mpc−1 de-
notes the pivot scale.
We assume the flat cold dark matter model with the ef-
fective number of neutrinos Neff = 3.046 and fix the total
neutrino mass Σmν = 0.06eV . Let us first consider the
scalar spectrum and vary the following seven parameters,
(Ωbh
2,Ωch
2, τ,Θs, ns, As, kH/a0), (3.17)
where Ωbh
2 and Ωch
2 are, respectively, the baryon and
cold dark matter densities, τ is the optical depth to reion-
ization, Θs is the ratio (multiplied by 100) of the sound
horizon at decoupling to the angular diameter distance
to the last scattering surface. In addition, we have one
more parameter kH/a0, which is related to the effects of
the pre-inflationary dynamics. For the six cosmological
parameters (Ωbh
2,Ωch
2, τ,Θs, ns, As), we use the same
prior ranges as in [90], while for the parameter kH/a0,
which is related to the bouncing effects, we set the prior
range as kH/a0 ∈ [10−8, 0.002]Mpc−1.
In particular, we use the high-l CMB temperature
power spectrum (TT) and the polarization data (TT,
TE, EE) respectively with low-l polarization data (lowP)
from Planck 2015, and BK 14 from BICEP/KECK 2014
data. In Table. I, we list the best fit values of the six cos-
mological parameters and constraints on kH/a0 and r at
95% C.L. for different cosmological models from different
data combinations. Marginalizing other parameters, we
find that kH/a0 is constrained by the Planck TT+lowP
(Planck TT,TE,EE+lowP) to
kH
a0
< 4.17× 10−4Mpc−1(4.15× 10−4), at 95% C.L.
(3.18)
When we add one more parameter, the tensor-to-scalar
ratio r = A(t)/A(s), to include the tensor spectrum, the
Planck TT+lowP (Planck TT,TE,EE+lowP) data yields
kH
a0
< 4.11× 10−4Mpc−1(4.12× 10−4), at 95% C.L.
(3.19)
When the BICEP/KECK 2014 data is included, the
Planck TT + lowP +BK 14 (Planck TT, TE, EE + lowP
+ BK 14) data yields
kH
a0
< 4.08× 10−4Mpc−1(4.07× 10−4), at 95% C.L.
(3.20)
These upper bounds show that the observational con-
straints on the pre-inflationary dynamics effects are ro-
bust to different data sets (without/with polarization
data or BK 14 data included) and if the tensor spectrum
is included.
Using the relation
kH
a0
=
√
γB
3
aB
a0
mPl =
√
γB
3
mPle
−Ntot , (3.21)
where Ntot ≡ ln (a0/aB) denotes the total e-folds from
the quantum bounce until today, the above upper bounds
on kH/a0 can be translated into the constraint on the
total e-folds Ntot as
Ntot & 140 (95%C.L.), (3.22)
where we have taken ρc = 0.41m
4
Pl. This in turn leads to
a lower bound δN∗ > Ntot − N∗ − Nafter, where δN∗ ≡
ln (a∗/aB), N∗ ≡ ln (aend/a∗), and Nafter ≡ ln (a0/aend),
where a∗ denotes the expansion factor at the moment
that our current horizon exited the Hubble horizon dur-
ing the slow-roll inflation, and aend is that at the end of
inflation. Taking N∗ ' 60 ' Nafter, we find
δN∗ & 20. (3.23)
With this constraint, one may think that if there are some
modes at large scale could exit the Hubble horizon when
the slow-roll inflation is not fully satisfied. However, ac-
cording to the analysis in [49], the number of e-folds be-
fore the onset of the slow-roll inflation is in general about
O(5), therefore the number of e-folds of the slow-roll in-
flation has to exceed 60. This fact implies that all the
relevant modes at observable scales exit the Hubble hori-
zon when the slow-roll approximation is fulfilled.
D. Implications on non-Gaussianity and power
asymmetry
Similar to the case in the dressed metric approach, the
bouncing phase prior to the standard slow-roll inflation
leads to excited states at the onset of the slow-roll infla-
tion for certain perturbation modes with k . kH. These
effects are encoded in the Bogoliubov coefficients αk and
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FIG. 7. The CMB likelihood analysis in the (kH , ns)-plane with a robust fitting ns ' 0.965. The observational constraints
on (ns, kH/Mpc
−1) are obtained at 68% and 95% C.L. by using Planck 2015 TT+lowP, Planck 2015 TT, TE, EE+lowP, and
BIECP/KECK 2014 data. The left upper panel only considers the scalar spectrum, while the right upper panel and the bottom
one includes the non-zero tensor contributions. Note that we set a0 = 1.
TABLE I. Best fit values of the six cosmological parameters and the constraints on kH/a0 and r at 95% C.L for different
cosmological models from different data combinations.
Parameters Planck TT Planck TT,TE,EE Planck TT Planck TT,TE,EE Planck TT Planck TT,TE,EE
+lowP +lowP +lowP+r +lowP+r +lowP+BK14+r +lowP+BK14+r
Ωbh
2 0.02242 0.02220 0.02223 0.02208 0.02232 0.02232
Ωch
2 0.1181 0.1200 0.1208 0.1209 0.1205 0.1193
100θMC 1.04079 1.04056 1.04085 1.04072 1.04109 1.04113
τ 0.084 0.079 0.079 0.069 0.081 0.094
ln(1010As) 3.101 3.092 3.095 3.074 3.095 3.118
ns 0.965 0.964 0.963 0.963 0.967 0.968
kH/a0 < 4.17× 10−4 < 4.15× 10−4 < 4.11× 10−4 < 4.12× 10−4 < 4.08× 10−4 < 4.07× 10−4
r −−−− −−− < 0.110 < 0.106 < 0.0650 < 0.0655
βk (as given in (3.11)), and essentially depend on the pa-
rameter kH, and thus represent a characteristic feature
of the hybrid quantization approach to cosmological per-
turbations in LQC. In general, as pointed out in [83],
the excited states that are different from adiabatic states
at the onset of the slow-roll inflation could generate an
enhancement on the non-Gaussianity of primordial per-
turbations in the squeezed configurations which involve
very different scales. Recently, the impact of the excited
states produced by quantum bounce in the dressed met-
ric approach in LQC has been studied in [51, 91, 92], and
there are two main consequences. First, if the three dif-
ferent scales involved in the non-Gaussisnity are all in the
observable range, the corrections on the non-Gaussisnity
due to the quantum bounce effects are at the same magni-
tude of the slow-roll parameters and thus are well within
current observational constraints. Second, if one of the
scale is at superhorizon scale, then the non-Gaussianity in
the squeezed limit can be enhanced and it is these effects
that can yield a large statistical anisotropy on the power
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spectrum. As we mentioned in the above, the quantum
gravitational effects in the hybrid quantization approach
are very similar to those in the dressed metric approach,
thus it is natural to ask whether the above two conse-
quences still hold. In this subsection, we are going to
investigate these points.
To proceed, it is convenient to start with the amplitude
fNL of the non-Gaussisnity in the squeezed limit. As
shown in [51], the contribution from the excited states
takes the form,
fNL ≡
5
6BR(k1, k2, k3)
PR(k1)PR(k2) + PR(k1)PR(k3) + PR(k2)PR(k3)
,
(3.24)
where BR(k1, k2, k3) denotes the bispectrum which char-
acterizes the non-Gaussianity of the comoving curvature
perturbations R, k1, k2, k3 are three scales involved in
the non-Gaussianity, and
PR(k) ≡ |αk + βk|2 H
2
8pi2M2Pl1
2pi2
k3
. (3.25)
We are interest in the squeezed configuration which in-
volves two very different scales, i.e., k2 ' k3  k1. Con-
sidering that k1 is small enough compared to the other
two modes, one finds,
f squeezedNL '
10
3
1
[
k3
k1
+
9k1
4k3
+O
(
k21
k33
)]
×Re
[
(αk1 + βk1)(αk3 + βk3)
|αk1 + βk1 |2|αk3 + βk3 |2
× (α∗k1 − β∗k1)α∗k3β∗k3
]
. (3.26)
In the observational range, k3k1 could be as large as ∼ 104.
Thus in general one expects in the squeezed limit that the
non-Gaussianity gets enhanced due to the excited state,
i.e., βk 6= 0. However, whether the non-Gaussianity gets
enhanced or not also depends on the magnitude of the
Bogoliubov coefficient βk3 for the smallest scale. In order
to see the quantum bounce effects in this limit, let us
study it in detail.
If all three scales (k2 ' k3  k1) involved are all in the
observational range, in order to make f squeezedNL larger, a
natural choice for k2 ' k3  k1 is k2 ' k3  kH and
k1 ' kH. If this is the case, the magnitude of f squeezedNL
will be mainly determined by β∗k3 , which is exponentially
suppressed as
β∗k3 ' i2 cos
(
pi
√
5
12
)
e
−pi
√
5
6
k
kH +O
(
e
−2pi
√
5
6
k
kH
)
.
(3.27)
Then we infer from this expression that
f squeezedNL < 1 ×O(1). (3.28)
Similar to the case in the dressed metric approach,
the quantum bounce effects in the squeezed limit are
strongly suppressed by the factor e−pi
√
5/6k/kH even
though k3/k1  1. Therefore, quantum gravitational ef-
fects on the non-Gaussianity only contribute to the same
order as that in a slow-roll inflation of a single field in the
observable range, which are well within current observa-
tional constraints. We note that this property is expected
and also agrees with the results obtained in the dressed
metric approach both analytically [51] and numerically
[92].
On the other hand, if one of the three scales is at su-
perhorizon scale (i.e. k1  kH) and other two are at
observable scales (k2 ' k ' k3), then f squeezedNL reads
f squeezedNL (k) ' O(1)× 1
kkH
k21
csch
(
pi
√
5k√
6kH
)
, (3.29)
which is suppressed by csch
(
pi
√
5k√
6kH
)
at small scales (k 
kH) but enhanced dramatically by the factor kkH/k
2
1 at
large scales (k ' kH). This behavior agrees qualitatively
with results in the dressed metric approach , but is quan-
tificationally different [51, 92]. Such enhancement can
produce modulation on the primordial curvature power
spectrum. In particular, due to the EKC mechanism
[93, 94], the superhorizon modes could bring modifica-
tions at observational scales, which is expected as an ap-
proximately linear function of positions. This could natu-
rally provide an explanation to the observed power asym-
metry in the CMB spectrum. According to the analysis
given in [95, 96], the relation between the power asym-
metry and non-Gaussianity is given by
A(k) =
6
5
|f squeezedNL |k1xcmbP1/2R (k1). (3.30)
This equation is also known as the consistency condi-
tion, relating the amplitude of power asymmetry to the
amplitude of the non-Gaussianity in the squeezed limit.
Using the observational constraint on kH/a0 obtained in
the above section and since A(k) ∼ 0.066 at large scales
(k/a0)
−1 ∼ 3Gpc, one expects
k1
a0
. 10−6Mpc−1, (3.31)
in which we have used xcmb = 14Gpc. At small scales,
similar to that in the dressed metric approach, the non-
Gaussianity amplitude fNL reduces to the usual magni-
tude with fNL ∼ ns − 1. Thus, at small scales the power
asymmetry is small, which is consistent with the con-
straint from quasars [97].
IV. CONCLUSIONS
In this paper, we have provided a detailed and an-
alytical study of the evolutions of the primordial per-
turbations during pre-inflationary phase and their ob-
servable effects on inflationary perturbation spectra for
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a single field inflation in LQC within the framework of
the hybrid approach. Comparing to the dressed metric
approach that the time-dependent mass of perturbation
modes near the quantum bounce is negative for initial
kinetic energy dominated conditions of inflaton field, the
main discrepancy of the hybrid approach is that the effec-
tive time-dependent mass is positive for the same initial
conditions. We show that it is this positive mass that
leads to non-adiabatic evolution of perturbation modes
near the bounce at large scales, which in turn gener-
ates excited states on the primordial comoving curva-
ture perturbations rather than the usual BD vacuum
state at the onset of the slow-roll inflation, and leaves
oscillating features on primordial perturbation spectra
at large scales. These features can be constrained by
observational data and using the Planck 2015 tempera-
ture (TT+lowP), polarization (TT,TE,EE+lowP), and
BICEP/KECK 2014 data, we found the upper bound
for kH/a0 . 4.1 × 10−4Mpc−1 at 95% C.L., which pro-
vides a lower bound for the total e-folds from the quan-
tum bounce until now as Ntot & 140 (95%C.L.). With
this constraint, we considered the impact of the quan-
tum gravitational effects on the non-Gaussianities of the
primordial curvature perturbations and showed that the
amplitude of the non-Gaussianity in the squeezed limit
due to these effects is small at the observable scales, but
can be enhanced if we consider a superhorizon mode that
couples to the observable modes at large scales. It is this
enhanced non-Gaussianity that leads to a modulation on
the isotropic primordial power spectrum at the observed
scales, and thus can naturally provide an explanation of
the power asymmetry observed in the CMB spectrum.
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